Abstract. We study W 1,p Lagrange interpolation error estimates for general quadrilateral Q k finite elements with k ≥ 2. For the most standard case of p = 2 it turns out that the constant C involved in the error estimate can be bounded in terms of the minimal interior angle of the quadrilateral. Moreover, the same holds for any p in the range 1 ≤ p < 3. On the other hand, for 3 ≤ p we show that C also depends on the maximal interior angle. We provide some counterexamples showing that our results are sharp.
Introduction
This paper deals with error estimates in the W 1,p norm for the Q k Lagrange interpolation on a general convex quadrilateral K ⊂ IR 2 . Denoting the interpolant with Q k the standard error estimate is usually found in the form u − Q k u 0,p,K + h |u − Q k u| 1,p,K ≤ Ch k+1 |u| k+1,p,K , ( A central matter of (1.1) concerns the dependence of C on basic geometric quantities of the underlying element K. It is known that the constant C in (1.2) remains uniformly bounded for arbitrary convex quadrilaterals (see Theorem 6.1). However this statement is false for the constant C in (1.3) (see for instance the counterexamples in the last section). The primary goal of this paper is to study the dependance of C in (1.3) on the interior angles of K. Although the role of the interior angles have been related to C in many previous works, none of them, to the best of the authors knowledge, have given a result as plain as the one offered in this paper. For instance, bounding the minimal and the maximal inner angle is considered a central matter in mesh generation algorithms since the early work by Ciarlet and Raviart [8] , however no proof of sufficiency has been given as far (at least for an arbitrary degree of interpolation).
In order to present our results let us first introduce the following classical definition that we write for both triangles and quadrilaterals for further convenience. Definition 1.1. Let K (resp. T ) be a convex quadrilateral (resp. a triangle). We say that K (resp. T ) satisfies the minimum angle condition with constant ψ m ∈ IR, or shortly mac(ψ m ), if for any internal angle θ of K (resp. T ) 0 < ψ m ≤ θ.
Our first result says that the constant in (1.3), for a fixed degree k and a fixed value of p with 1 ≤ p < 3, can be written as C = C(ψ m ). As a consequence, the same can be stated about the constant in (1.1). This seems to be the most general result available for quadrilaterals in the case k ≥ 2. In spite of the fact that much weaker geometrical conditions are known to be sufficient for the case k = 1, we show, by means of a counterexample, that they fail for a higher degree interpolation. This counterexample also warns that removing the minimal angle condition may indeed lead to a blowing-up constant in (1.3) .
The mac is the most standard condition considered in textbooks for triangular finite elements. Actually, in that case, it is equivalent to the so called regularity condition, i.e. equivalent to the existence of a constant σ such that h/ρ ≤ σ, (1.4) where ρ denotes the diameter of the maximum circle contained in T . On the other hand, the term anisotropic or narrow is usually applied to elements that do not satisfy (1.4) . Even when triangles can become narrow only if the minimal angle is approaching zero a very different situation occurs on quadrilaterals. Indeed, in that case the mac condition is less restrictive than (1.4) since arbitrarily narrow elements are allowed with a positive uniform bound for the minimal angle (for example, anisotropic rectangles always verify mac(π/2)). Anisotropic elements are important for instance in problems involving singular layers and the first works dealing with them arise during the seventies showing that (1.4) can be replaced (for triangles) by the weaker following condition Definition 1.2. Let K (resp. T ) be a convex quadrilateral (resp. triangle), we say that K (resp. T ) satisfies the maximum angle condition with constant ψ M ∈ IR, or shortly M AC(ψ M ), if for any internal angle θ of K (resp. T ) θ ≤ ψ M < π.
Indeed, in [7, 9] it is proved that the M AC is sufficient to have optimal order error estimates for Lagrange interpolation on triangles. In the case of quadrilateral elements, (1.4) it is also a sufficient condition as it was shown by Jamet [10] for k = 1 and p = 2. This condition is less restrictive than that propoposed in [8] where the authors require the existence of two positive constants µ 1 , µ 2 such that h/s ≤ µ 1 (1.5) where s is the length of the shortest side of K, and
for each inner angle θ of K. Observe that under the regularity condition (1.4) the quadrilateral can degenerate into a triangle (for instance if the shortest side tends to zero faster than their neighboring sides or if the maximum angle of the element approaches π), however this kind of quadrilateral cannot become too narrow. Condition (1.6) will play an important role in the sequel and therefore we introduce the following alternative definition. Definition 1.3. We say that a quadrilateral K satisfies the double angle condition with con-
The DAC allows anisotropic quadrilaterals (such as narrow rectangles) as well as families of quadrilaterals that may degenerate into triangles. To see that consider, for instance, a quadrilateral with vertices (0, 0), (1, 0), (s, 1 − s) and (0, 1 − s) and take 0 < s → 0.
For anisotropic quadrilaterals several papers have been written mainly in the isoparametric case with k = 1. In [13, 14] narrow quadrilaterals are studied and the authors require the two longest sides of the element to be opposite and almost parallel, the constant C obtained by them depends on an angle which in some cases is the minimum angle of the element. Anisotropic error estimates for small perturbations of rectangles have been derived in [5, 6] . On the other hand, for k = 1, more general and subtle conditions can be found in the literature. For k = 1 and p = 2, it is proved in [2] that the optimal error estimate (1.3) can be obtained under the following weak condition Definition 1.4. Let K be a convex quadrilateral, and let d 1 and d 2 be the diagonals of K. We say that K satisfies the regular decomposition property with constants N ∈ IR and 0 < ψ M < π, or shortly RDP (N, ψ M ), if we can divide K into two triangles along one of its diagonals, that will be called always d 1 , in such a way that |d 2 |/|d 1 | ≤ N and both triangles have its maximum angle bounded by ψ M .
In Remarks 2.3 -2.7 of [2] it is shown that the regular decomposition property RDP is certainly much weaker than those considered in previous works (including [5, 6, 8, 10, 13, 14] ). We collect for further reference some elementary remarks Remark 1.1. If a quadrilateral K satisfies (1.4) then K verifies RDP (σ, ψ) whith ψ = ψ(σ). Indeed, (1.4) implies that K verifies mac(θ) for some θ = θ(σ) > 0. Therefore there is at most one angle of K not bounded by π − θ. Dividing K by the diagonal d 1 containing the vertex associated to that angle we get that K satisfies RDP (σ, π − θ).
2 ) or (2) the regularity condition (1.4) with C = C(ψ m ). Indeed, assume that (1) does not hold. Then K has an internal angle which is greater than π − ψ m /2, it is easy to see that this angle is unique so we can call it θ. Divide K into two triangles T 1 and T 2 through the diagonal opposite to θ in such a way that θ becomes an internal angle of T 1 . Calling β 1 and β 2 to the other angles of T 1 it follows that β i < ψ m /2 with i = 1, 2. Let γ i , i = 1, 2, the complementary angle of β i (w.r.t. the corresponding internal angle of K). It is easy to see that γ i > ψ m /2, so T 2 is a triangle that have its three internal angles bounded away from 0. To be more precise, T 2 verifies mac(ψ m /2), therefore T 2 is a regular triangle in the sense of (1.4) with C = C(ψ m /2). From this fact follows easily that K is a regular quadrilateral in the same sense, i.e., in such a way that (1.4) holds (actually the same constant C can be used). An strikingly result is that the RDP , in spite of being appropriate for p = 2, does not work for arbitrary values of p. Indeed in [3] and for k = 1 the results of [2] are extended for the error in W 1,p with 1 ≤ p < 3. Moreover, it is shown, by means of a counterexample, that this range for p is sharp. As a consequence the stronger DAC (i.e. (1.6)) is proposed and shown that under this condition the error estimate hold for all p ≥ 3. The second result given in the present paper is that, for p in this range, the DAC is also a sufficient for any k ≥ 2.
For the reader's convenience we summarize in the following table simple and sufficient geometric conditions pointing out the role of p and k
mac DAC the first row of the table was proved in [3] while the new results are given in the second row.
To finish this short review we recall that for k = 1 more results are available. In [11] , H 1 error estimates are obtained for the Q 1 isoparametric Lagrange interpolation under a weaker condition than the RDP . This condition can be regarded as a generalization of the last one and therefore called GRDP . This paper is structured as follows: in Section 2 we introduce a family of reference elements appropriate for dealing with general convex quadrilaterals and some key results are provided. In Section 3 and Section 4 our family is related to different geometric conditions (such as RDP , M AC, DAC and mac) while some properties about the distribution of the interpolation nodes of the family are studied. Section 5 gives the general approach for bounding the interpolation error. Finally the main results as well as the counterexamples can be found in the last section of the paper. 
We define as usual
being φ i the bilinear basis function associated with the vertexV i , i.e.,
. For quadrilateral elements (isoparametric when k = 1 and subparametric otherwise), we have the basis function on K defined by φ ij (X) = φ ij (F −1
Interpolation nodes of the form {M ij } 1≤i,j≤k−1 are called interior and any M ij which is not an interior node is called an edge node. Also of interest is the triangle T (a, b) of vertices
With C we denote a positive constant that may change from line to line. Sometimes we also use the notation x ∼ C y for positive variables if they are comparable in the following sense
For any element of the type K(a, b,ã,b) considered in this work the following condition will become relevant in different contexts
This condition takes sometimes the more restrictive form
In spite of the fact that both (2.1) and (2.2) look similar they characterize, under the supplementary geometric assumption (2.3) (see below), different classes of elements.
Calling d 1 to the diagonal joining V 2 and V 4 we see that d 1 divides K into two triangles, that we call T 1 and T 2 (see Figure 1 ). For the angle α of T 1 placed at V 4 , we introduce
which says that α is bounded away from 0 and π.
Finally, in order to exploit some results given in previous works, we introduce yet another useful condition Condition (∆2): |l| ≤ C|s|. (2.4) where l is the segment V 3 V 4 joining V 3 and V 4 and s denotes the shortest side of K(a, b,ã,b). That is, (∆2) amounts to say that the side l is comparable to the shortest side of K.
Not difficult to prove is the following
Proof. That (∆2) implies (∆1) follows easily as we haveã ≤ |l| ≤ C|s| ≤ Ca and similarly |b −b| ≤ Cb. Hence triangular inequality yieldsb ≤ Cb. On the other hand assume [∆1, D2]. Thanks to (D2), and using the law of sines for the triangle ∆(V 2 , V 3 , V 4 ) we see that the angle β at V 3 is away from zero and π. Indeed
Since both α and β are away from zero and π the law of sines says that actually In order to do so, the key tool is given by the following elementary lemma Lemma 2.2. Let K, K be two convex quadrilateral elements, and let L :
Proof. By definition of the interpolation we have
. Then, the lemma follows easily by observing that B , B −1 < C. Definition 2.1. We say that two quadrilateral elements K, K are C-equivalents (or simply equivalents) if and only if they can be mapped to each other by means of an affine transformation of the kind given in Lemma 2.2.
Taking into account that each geometric condition defined as far is going to be mapped to an appropriate class of equivalent elements K(a, b,ã,b) it is important to consider the map
as well as its associated Jacobian
Observe that since K is convex, we have J K > 0 in the interior of K. Indeed, since J K is an affine function it is enough to verify that it is positive at some vertex of K and non negative at the remaining ones. The positivity atV 1 = (0, 0) is trivial, as well as the non negativity at V 2 = (a, 0) andV 4 = (0, b). On the other hand, since K is convex, (ã,b) lies above the segment joining V 2 and V 4 (for this segment y(x) = −(b/a)(x − a) and 0 <b
Following again [2, 3] we introduce for p ≥ 1 the next expression that becomes useful in the sequel
where the numbers a, b,ã,b are compatible with an element K(a, b,ã,b).
is convex and (∆1) given by (2.1) holds, then for any p ≥ 1 and for any function basis φ there exists a positive constant C such that
Proof. Let φ the function basis on K corresponding to φ, then (from the chain rule) follows that 
By changing variables we get
and the proof concludes using that R and S are uniformly bounded since they are polynomials, 0 ≤x,ŷ ≤ 1 and 0 ≤ã/a,b/b ≤ C by (∆1).
Previous result provides bounds for any basis function. As we show later basis functions associated to internal nodes require a particular treatment. In particular we have,
is convex and (∆1) given by (2.1) holds then for any p ≥ 1 and for any function basis φ associated to an internal node of K, there exists a positive constant C such that ∂φ ∂x
Proof. Since φ is associated to an internal node on K, it follows that φ is associated to an internal node on K so that there exists
and by a change of variables we get
Using the fact that S and R are uniformly bounded we see that
From the convexity of K we haveã/a +b/b − 1 > 0, hence
Assume now thatb/b < 1. Since 0 ≤x ≤ 1 we conclude 1 +x(b/b − 1) ≥b/b and finally
On the other hand, ifb/b ≥ 1
and (2.12) follows.
Finally, the estimate for and hence we see that α ≤ β. On the other hand, since both are interior angles of a triangle, β ≤ π − α, therefore using (D2) we see that β is away from 0 and π and therefore under a rigid movement we can transform our element into K (b, a,b,ã) .
Proof. The proof is elementary and can be found in [1] .
3.1. The RDP and the family K(a, b,ã,b). In order to characterize the elements under the RDP we begin with the following elementary result To show the other implication we follow [2] . Assume that K satisfies the RDP and divide it along d 1 into T 1 and T 2 in such a way that all their interior angles are bounded by ψ M , while
We choose the notation in such a way that the shortest side of K, called s, is one of the sides of T 1 and call β the angle of T 2 opposite to d 1 . After a rigid movement we can assume that the vertex V 1 corresponding to β is placed at the origin and that K is contained in the upper half-plane. We can also assume that V 2 is placed at the point (a, 0) with a > 0, being the side . On the other hand, calling L(ã,b) = V 3 we observe that (∆2) holds since L preserves lengths (up to constants depending on B , B −1 and V 3 V 4 = L(s). On the other hand, since T 1 verifies M AC(ψ M ) and s is the shortest side of T 1 then the angle of T 1 placed at the common vertex of d 1 and s is away from 0 and π. Therefore (D2) holds thanks to Lemma 3.1. The theorem follows.
From now on (see Lemma 2.2) we assume that any element verifying the RDP is of the kind
In [3] it is proved that the RDP is sufficient to get optimal order error estimates in W 1,p for Q 1 whenever 1 ≤ p < 3. In the last section we give a counterexample showing in particular that this result does not hold for k ≥ 2.
The next result, borrowed from [3] , help us to shorten our exposition playing also a role in the construction of a counterexample.
with C a constant depending only on those given in [∆2, D2] and p. Remark 3.1. Although it is not written here we know from [3] that the constant C in (3.14) may behave like 1/(3 − p). In order to get an uniform bound for 3 ≤ p it is necessary to restrict the class of the underlying reference elements K = K(a, b,ã,b). Later we show that (3.14) holds for any 1 ≤ p if we work with the family K(a, b,ã,b) associated to the DAC.
3.2.
The regularity condition h/ρ < σ and the family K(a, b,ã,b). For dealing with regular elements we need to introduce a new geometrical condition associated to the class K(a, b,ã,b),
Theorem 3.2. Let K be a general convex quadrilateral. Then K is regular (in the sense of (1.4)) if and only it is equivalent to some
Proof. Thanks to Remark 1.1 we know that elements satisfying the regularity condition (1.4) satisfy also the RDP . Therefore from Theorem 3.1 we see that K can be mapped, by means of an affine transformation LX = BX + P (see Definition 2.1) into an element K(a, b,ã,b). This reference element should be regular since B , B −1 < C and now it is easy to see that 
3.3.
The DAC and the family K(a, b,ã,b). As it is mentioned before DAC implies the RDP , and as consequence Theorem 3.1 says that any element under the DAC can be mapped into an element K(a, b,ã,b) for which [∆1, D2] holds. Nevertheless, the following result, partially borrowed from [3] , states that actually we may assumeã a ,b b ≤ 1, and this, as we show later, not only simplifies the treatment of the error but also allows to deal with the case 1 ≤ p. Proof. Notice that it is always possible to select two neighboring sides l 1 , l 2 of K such that the parallelogram defined by these sides contains the element K. Call V 1 the common vertex of l 1 , l 2 and β the angle at V 1 . After a rigid movement we may assume that V 1 = (0, 0) and that l 2 lies along the x axis (with nonnegative coordinates (a, 0)). Moreover we can also assume that l 1 belongs to the upper half plane. Notice that l 1 is the side joining V 1 V 4 and following the proof of Theorem 3.1 take b = |l 1 | sin(β) in such a way that V 4 can be written as
Then the linear mapping L associated to the matrix B defined in such theorem performs the desired transformation. Indeed, since B , B −1 < √ 2 sin(β) with β away from 0 and π (due to the fact that K is under the DAC) we know that L is of the class considered in Definition 2.1. On the other hand, calling L(ã,b) = V 3 we observe that (D1) holds while thanks to the fact that the angle at V 3 is away from 0 and π the same holds for the angle at (ã,b) meaning that at least one of the remaining angles of the triangle of vertices (0, b), (ã,b), (a, 0) does not approach zero nor π. Performing a rigid movement if necessary we may assume that this is the one at (0, b) and hence (D2) follows. Reciprocally, assume that K(a, b,ã,b) verifies [D1, D2] and it is equivalent to K. Notice that the maximal and minimal angle of K(a, b,ã,b) are away from 0 and π (in terms of the constants given by [D1, D2]). Indeed, since at V 1 we have a right angle we only need to check the remaining vertices. The angle at V 4 is bounded above by π/2 due to (D1) and below by α. Let us focus now on the angle at vertex V 3 . It should be bounded below by π/2 due to (D1). On the other hand, it can not approach 0 due to (D2). Finally, the angle at V 2 is greater than α and also bounded above by π/2. The proof concludes by using that K is equivalent to K(a, b,ã,b) (in the sense of Definition 2.1) and Lemma 3.1.
There is a property that can be derived from [D1, D2]. 
and since |l| sin(α) ≤b − y(ã) and |l| sin(α) ≤ã − y −1 (b) we get
As a consequence we obtain for DAC the following equivalent of Lemma 3.3, that holds for any 1 ≤ p.
with a constant C depending only on those of [D1, D2]. Let K = K(a, b,ã,b) be a general convex quadrilateral and consider the associated triangle T = T (a, b). Let us recall that M ij (resp. M T ij ) are the interpolation nodes of Q k on K (resp. Π k on T ). We are interested, loosely speaking, in the problem of finding for each M ij a close enough M T ij . Notice that in general M ij does not agree with M T ij , except for i = 0 or j = 0. For any other node M ij (i.e. for i = 0 = j) we consider a suitable triangle having M ij as one of its vertices and with the remaining vertices belonging to the set of (edge) interpolation nodes of Π k . We choose it in the following way: if M ij is an edge node on the top of K(a, b,ã,b) (i.e. Figure 2 ). The geometry of these triangles are important in the sequel. In particular notice that T kj and T ik are similar to the triangle ∆(V 2 V 3 V 4 ) therefore we have immediately
then for any T = T kj (resp. T = T ik ) defined above we have that the side M kj M T k0 (resp. M ik M T i k−i ) is comparable to l = V 3 V 4 and the angle of T at M k0 (resp. M T i k−i ) is the angle α of condition (D2). In particular T verifies the M AC.
For interior nodes we have the following
(b) α ij is bounded away from 0 and π where α ij is the angle between M i0 M ij and M i0 M 0j . In particular for
Proof.
(a) To prove that the measure of the segment M i0 M ij is comparable to a it is sufficient to prove that the measure of the segment M i0 M ik is comparable to a since these segments are mutually proportional. For 0 <ŷ = i/k < 1 have
Using (∆1) (or (D1)) and that l is comparable to the shortest side the statement is proved. Similarly, to the appropriate 0 <x < 1 we have
therefore for a suitable constant C, we get
and the proof concludes by using (D3) in one case or Lemma 3.4 in the other. Now we immediately have, by using ∆1 or
(b) Calling µ the matrix with rows w 1 = M i0 − M ik and w 2 = M i0 − M 0j we see that
Thanks to the previous item we know that the numerator can be bounded in terms of ab. We claim that 0 < ab < C| det µ|. Indeed, a direct calculation gives for y = 
where the first inequality follows taking x = 1 and the second one by (2.8). Using Lemma 2.5 (see also Remark 2.1) the proof is complete.
The error treatment
Lemma 5.1. Let K(a, b,ã,b) be a convex quadrilateral and assume (∆1). Let T = T (a, b), then for any polynomial q ∈ P k , there exists a constant depending only on k and on the C given in
Proof. The proof is standard. Let us introduce an small rectangle K s and a large rectangle K l as follows
where a = max{a,ã}, b = max{b,b}. All we need is to show that
Thanks to (∆1) we have that the quotients a a , b b are bounded in terms of a generic constant C. For the sake of clarity we rename this time the constant and writeC. Consider now the reference setsKC
Using equivalence of norms in the finite dimensional space P k we get
for anyq ∈ P k and where C depends only on k andC. Now (5.2) follows by changing variables with a linear map L :
Write K = K(a, b,ã,b) and let Π k be the Lagrange interpolation operator of order k on the triangle T = T (a, b) and let p ≥ 1 then we can write
Since Π k u − Q k u belongs to the Q k quadrilateral finite element space and vanishes at M 0j and M i0 for all 0 ≤ i, j ≤ k, it follows that
where φ ij is the basis function associated to M ij . Therefore
Taking into account that T verifies the M AC (actually M AC(π/2)) we have [6, 7, 9] that
and
The next lemma extends this approximation result to K.
Lemma 5.2. Let K = K(a, b,ã,b) be a convex quadrilateral and assume (∆1). Let T = T (a, b) and Π k u the P k Lagrange interpolation operator on T . Then for any 1 ≤ p
Proof. Let u ∈ W k+1,p (K) and P k u ∈ P k defined as
Since K is convex, we have |u − P k u| 1,p,K ≤ Ch k |u| k+1,p,K , (5.7) as one can see by applying repeatedly the Poincaré inequality. Writing
we observe that the first term is fine. For the second one we consider an arbitrary first derivative of
and the lemma follows from (5.5) and (5.7).
(a) Assume that 1 ≤ p < 3 and that K satisfies [∆1, D2] (equiv. [∆2, D2]) then for any basis function φ,
, where q is the conjugate exponent of p (the constant C may behave as 
Proof. Part (a) follows from Lemma 2.3 and Lemma 3.3. On the other hand, by Lemma 2.4 and Lemma 2.5 we notice that to show (b) it is sufficient to prove that
Using thatã ≤ |l| and |b −b| ≤ |l|, together with (∆2) and Lemma 3.3 we have
where the last inequality follows from (D3). Similarly,
Item (c) follows similarly to item (b) using Lemma 3.5 instead of Lemma 3.3 and Lemma 3.4 instead of (D3). Finally, the last item (d) follows straightforwardly from Lemma 2.3 and Lemma 3.5.
Let us now recall the following Lemma 5.4. Let T be a triangle with diameter h T and e be any of its sides. For any p ≥ 1 we have
where q is the dual exponent of p.
Proof. See for instance [12] . Now we are ready to get bounds for |(u − Π k u)(M ij )|. In order to do that we consider the triangle T ij associated with M ij defined in Section 4.
For any p ≥ 1 we consider its dual exponent q. We have, (a) (Edge nodes) Assume either i = k and 1 ≤ j ≤ k or j = k and 1 ≤ i ≤ k then
(a) We write the case i = k and 1 ≤ j ≤ k since the other one follows identically. Calling e the side of T = T kj given by e = M k0 M kj we get (by using Hölder's inequality, Lemma 5.4 and the fact that (u − Π k u)(M k0 ) = 0)
The item follows now by Lemma 4.1 that implies 
where φ ij is the function basis associated to M ij .
Proof. The proof is essentially a combination of Lemmas 5.3 and 5.5 together with the error estimation for triangles (5.5), recalling that each T ij satisfies the maximum angle condition (Lemmas 4.1 and 4.2).
Main Theorem
The L p error estimate for a general convex quadrilateral was done in [3] for k = 1 and any p. The argument used there works exactly in the same way for an arbitrary k. Theorem 6.1. Let K be an arbitrary convex quadrilateral with diameter h. For any 1 ≤ k and 1 ≤ p. There exists a constant C independent of K such that
Proof. See equation (41) in Theorem 6.1 of [3] , as well as Lemma 6.1 in the same paper. Now we can present our main result.
Theorem 6.2. Let K be a convex quadrilateral with diameter h and 2 ≤ k an integer:
Proof. Since the L p estimate holds for any convex quadrilateral, it is enough to prove
Moreover, in order to prove (1) (resp. (2)) and thanks to Theorem 3.3 (resp. Theorem 3.4) we can assume that
. Therefore (6.3) follows from (5.3) combined with (5.6) and (5.10).
To finish we present two counterexamples. In the first one we focus on the case 1 ≤ p < 3 showing a collection of elements with uniform RDP parameters (actually RDP ( √ 5, 3/4π)) for which the constant in the W 1,p interpolation error blows up. The family does not obey mac although all the elements are under the M AC( 3π 4 ). In particular, the counterexample shows that the estimate may fail if an angle approaches cero. For the sake of simplicity we choose k = 2. consider the function u(x, y) = x(x − 1/2)(x − 1) which does not belong to the Q 2 space. Since u(M 0l ) = 0 = u(M l0 ) for 0 ≤ l ≤ 2 we have Assume that (6.3) holds for this family. In that case we would have
On the other hand, a straightforward computation shows that Since the functionŷ p (x −ŷ) p is bounded below by a positive constant on R and the function x p /(1 +x) p−1 is integrable over this domain follows that
where q is the dual exponent of p. Finally, combining (6.4) with (6.7) and taking s → 0 we are lead to a contradiction and as a consequence the error estimate can not hold with a uniform constant C.
Remark 6.1. Recall that for k = 1 and 1 ≤ p < 3 the constant in the interpolation estimate can be bounded in terms of the constants given in the RDP condition [3] . Actually, the interior node (available in k = 2) plays a fundamental role in the counterexample. This could lead the reader to the conclusion that removing internal nodes may help to weaken the conditions under which the estimate (1.3) holds. Regretfully this is not possible. Indeed from [4] we know that the accuracy of serendipity elements can be seriously deteriorated even for regular elements. The reason of that is the failure of the inclusion of P k in the interpolation space. Our proof relies strongly on this property (see for instance the derivation of (5.3)). 
